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The paper uses continued fractions to study the motion of a solid, axially 
symmetrical body about a fixed point 0 when a constant moment acts along 
the axis of symmetry. 

i. Consider a rectangular system of coordinates g~C rigidly attached 
to the body. Symmetry of the body is assumed about the c-axis, in which 
case the moments of inertia A and R about the axes g and ~ will be 
equal. A constant moment of magnitude m (m > O) is directed along the 
C-axls. The Euler equations for the projections ~,, w~, u s of the angular 
velocity ~ on the moving axes of coordinates g, ~, C are 

A d ~ l / d t  ~- (C - - A ) ~ 2 ~  = O, A d ~  2 / d t  - -  (C - - A ) ~ 3 ~ 1  : O, Cd*a /d t  = m ( 1 . t )  

and can be easily integrated [I](P.134). For initial conditions of a gene- 
ral form 

~ l  = e l  °, e 2  = ~2  °, ~ 3  = ~ 3  °, t = O, ( e l ° )  2 + (~2°)  2 =/= 0 ( 1 . 2 )  

using the notation t = /-- 1 , we have the solution [1] 

o 
We introduce a unit vector V which retains a constant direction in space 

and we denote its projections on the moving axes of coordinates g~C by 
Y,, ¥~, 7s These projections satisfy the equations [I](p.128) 

d71 /d t -~ -m372- -e2T3 ,  d T 2 / d t = ~ l T 3 - - m 3 7 1 ,  d T ~ d t = e 2 7 , - - m t T a  (1 .4)  

Now consider a complex variable z [l](p.121) 

Z =  ( T I ~ -  i~2) (1 - -  ~3) 1 (1.5)  

which defines completely the vector y . If we differentiate z with re- 
spect to ~ on the basis of Equations (1.4) for z we obtain the Darboux- 
Riccati equation [ i] (P.130) 

dz m 2 - - i ~ l  ~ - [ -  i~ 1 
- - z  ~ (1 .6)  

dt --  2 - - i ~ z - ~  2 
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A change of variables of the form 

,,~,, ~ i(o, ( (%°C t (~ 7', 
" : ~ ioi.-,-: i :b -[ i '  r = t~.51(o~ ° i io~,°l  t - ~ -  - -m- - -~  

leads to the differential equation 

du/d~ = 1 --- i~t'ru Jr- u ~, ot := 4 m A  -~ I ~  ° + ito~ ° I -~ ( t . 8 )  

If a particular solution of Equatlon (1.8) is known, then its solution 
reduces to quadratures. Equation (1.8) can be reduced to a linear differen- 
tlal equation of the second order [1](p.136). 

Equation (1.8) describes a special cane of motion of a body with angular 
velocities ~- O, ~- 3s ~s" u7 when the variable ~ is taken as time. 

~, We seek a solution to Equatlon (1.8) by the method of La~a~e [2] 
(P.79). The substitution u - ~(i -- ~'~ leads to the differential equation 

"r d~,"dT ( t  - -  c¢i) "d - -  (1 --- ~i'~ ~) v ~}- v 'z (2 .1)  

B~ replacing the independent variable ~ by x we transform (2.1) into 
the Rlccatl equation 

2x dv / dx  + ( t - -  lax) v - -  v ~ = ( t  - -  in) x (2.2)  

We can find a particular solution to this equation in the form of a con- 
tinued fraction [ 2 ]  (p.80), [ 3] (P. 295). 

(ai - -  t )  a: (2ai  ~. t )  x ( 3 e l - -  t )  a: (4ai + 1) x . 
v = - -  3 5 ~- ' 7  - -  9 "7 . . . .  

(2.3} 

. . . .  (2nai  -F t )  :v 4 -  [ ( 2 n  4 -  t )  a i  - -  t ]  x . 
4 n  ,-,f- t ' 4 n - 4 -  3 " '  

Taking Into account the cha~e of varlables, we obtain the following par- 
t i t u l a r  s o l u t i o n  t o  E q u a t i o n  ( 1 . 8 )  

• r ( ~ i -  t )  T 2 (2cti -~  t )  T ~ (3ai - -  1) T * (2.4) 
u ----- - ] -  -}- 3 " - -  5 - - n L  7 . . . .  

Ualng the notation of Prlr~shelm [2] (p.8) we can write the solution (2.#) 
in the form 

[ T % ~ ' ]  ~° ( - - t ) v ( ~ , - - 1 ) a i - - I  
u ---- 1 ' t ~=a '  % ---- v '  - -  1 (2.5)  

S i n c e  c .  - ~  0 a s  ~ - ~  oo ,  t h e  c o n t i n u e d  f r a c t i o n  i n  E x p r e s s i o n s  ( 2 . ~ }  a n d  
( 2 . 5 )  f o r  "~t~) converges  f o r  a l l  f ~ t e  v a l u e s  o f  7 ( s e e  [ 3 ]  P , 2 9 3 ) .  The 
s o l u t i o n  o b t a l r ~ d  d e t e r m i n e s  the  p ~ t i o n  o f  the  v e c t o r  7 i n  the  s ) ~ t e m  o f  
c o o r d i n a t e s  ~ ¢  . This  v e c t o r  remains  s t a t i o n a r y  In  space and a t  the  i n ~ a n t  

t = - -  (o8 ° C m  - 1 ,  '~ = 0 (2.6) 

c o i n c i d e s  i n  d i r e c t i o n  w i t h  the  C - a x i s .  The form o f  the  s o l u t i o n  i s  con-  
v e n i e n t  f o r  ~)tme~_~ioal computat ion  but  is  not  c o n v e n i e n t  f o r  f l D d l . ~  a $enera t  
s o l u t i o n  to  (1 .8 )  by means o f  qua4ratures. 

~,  Let  us s e e k  a g e n e r a l  s o l u t i o n  to  Equat ion  ( 1 . 8 )  w l t h  the  i n i t i a l  
c o n d i t i o n s  

u = b ,  ' t = 0  (3.t) 

I n  gQuat ion ( 1 . 8 )  we m a k e  a @hangs o f  d e p e n d e n t  v ~ r i a b l e  

u = b (b - -  y)  [b - -  y - -  (1 + b ' )  T] -~  (3 .2)  

We o b t a i n  t h e  d i f f e r e n t i a l  e q u a t l o n  

~bT dy  / dg ~- (c ~ .  dg ~- e ~  II -I- ( - -  1 ~- IT) ya = g'c Jt- h ~  (3.3)  
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Here  t h e  c o n s t a n t  c o e f f i c i e n t s  a r e  g i v e n  by  

c = b, d = - -2  - -  2iab~ ( t  -~- bS)-4 e = i a b  
(3.4) 

J =  iab (t + bZ) - ' ,  g =  --2b - -  iab s (i + b2) - ' ,  h =  t + b' ~ i~b 2 

Equation (3.3) is Invariant in form with respect to a change of the type 

y = g'r (b + c - -  y ~ ) - '  (3 .5)  

which reduces Equation (3.3) to Equation 

b ' rdy l /dT  ~. (cl q'- dl"r -~ el'r2)yl-{ - ( - - ]  ,-}- /ff r) Y'I---- gxT -]- ht'r" (3.6) 

The new coefficients are expressed in terms of the old by Formulas 

c 1 =  b +  c, ]1---- - - h g  -1, d t = - - d - - 2 c t [  1, el = - - e  
(3.7) 

g t  -~ g - - d e 1 - -  I tcl  ~, h i =  - -  gJ - -  cte 

By making the change (3.5) repeatedly we obtain an expansion i n  a c o n t i -  
n u e d  fraction. Eliminating the set of values b with a zero Lebesgue m ~ ,  
we can construct a continued fraction with an infinite number of terms. The 
convergence of the resulting continued fractions has not been investigated. 

#, For large values of ~ we can employ a different method for finding 
a solution to Equation (1.8)° We make the substitution 

dy dy 
u -- d~ y - l  - ydx (4. t)  

which reduces (1.8) to a linear differential equation of the second order 

d2y dy 
d-~Z -~- ia~ ~ -  -{- y ----- 0 (4.2) 

Differentiating (4.2) k times wlth respect to 7 , we find that 

dk+2y dk+ty dlCy 
t- i~t'~ ~ - } -  (1 -~" ictk~) dz k - =  0 (4.3) dvk+2 

From (~.3) we obtain the recurrence relation 

dk+ty = ( iax l dk~2y ~ - I  (k = O, t ,  2, . . .) (4.4) 
dkydx -- . i  -~ i'~kx + 1 + "i¢zk'c dlC+ly-""~x] 

Applying (4.4) successively to eliminate the differentials we obtain the 
following continued fraction for (~.l): 

[(iczx) - t  [ t  + (v - -  t ) ~ i ]  a - ~  - I  joe u o (T) (4.5) L z  ' t Jr=2 

The convergence of the fraction (~.5) is not l~town, but a direct substitu- 
tion shows that the eonvergents u~(v), where 

% (T) = (i~T)-', us (~) = I + (I + i~) o~ -~ ~-2 (4.6) 

(i~,)-' 
u~ (x) = ( t  + ict) a - ~ x - 2  . . . .  

t + 1 + (t  + 2 ia )  ot -2"r -~ 

satiefy Equation 1.8) to the uo(v)( of (4.5) accuracy of the order 0(a-~v-a~). The conti- 
nued fraction tends asym~totlcally to a particular solution 
of Equation (1.8) as v ~ - . Expar~inE this in a series of negative powers 
of ~ we find that 

i 1 -}- ict (1 -4- ioO (2 -}- 3 ia)  ( i 
u ° (X) = 7a~ iog~'r F" + icx ~'r~ + 0 \ ~ ]  (4.7) 
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The solutlon u o(m) - 0 as ~ ~ ® , i.e. as t - ® From (1.7) we can 
obtain an expresslon for a particular solution for • 

t 

Z O ( t ) ~l:: exp  (i C - - A  - (w2 ° + (4 .8)  
\ 

o 

Since •o (t) ~ 0 as t ~ ~ there exists a fixed vector Vo to which the 
c-axls tends as t - ® The complex variable xo(t) determines the vector 
- 7 ° . The vector 7o itself describes a ruled surface in the moving system 
of coordinates ~g . It rotates about the C-axls with an angular velocity 
of approximately (C- A)A'~s and simultaneously approaches this axis. 

We introduce a system of coordinates ~'~'C which moves relative to the 
body and which is rotated about the C-axis through an angle ~ relative to 
the g~C-system, where t 

C - - A  f os dt -- A r g  (~2 ° -- i o l  °) (4.9) 
~-- A 

o 
In the ~'?]'lg-system the motion of the vector _ ¥o is described by the 

complex variable uo (v) which varies only slightly for sufficiently large 
values of t > 0 . Consequently the ~'~'C -system rotates about the vector 
7o with an angular velocity which proves to be approximately equal to ~A-~. 

Finally, for large values of t > 0 the motion has the following proper- 
ties. There exists a fixed vector 7o which makes a continuously diminishing 
angle 

A I (01 ° ~- i°2 ° t re-'t-1 "@ 0 (t -2) 

with the g-axis. The body rotates with an angular velocity 

(A - -  C) A - I  ~n.t -~-- O (1) 

about the ~-axis. The c-axis rotates about the vector 7 ° at an angular 
velocity CA -I mt -~ O (|) • 

The author is greatful to A.I.Lur'e for suggesting the problem and for 
his subsequent discussions of its solution. 
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